
Biophysical Chemistry 16 (1982) 209-221 
Elsevier Biomedical Press 

209 
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Permeation of molecules through membrane channels in\-elves local interactions with a limited number of &and groups. A 
method for the molecular dynamics simulation of particle movement in small ligand systems is described. It is assumed that .he 
&and groups carry out thermal vibrations. whereas the rest of the channel molecule and the surroundings act as a heat bath 
which is coupled via random forces 10 the motions of the lignnds. The simulation technique is applied to a simple system which 
cotGains some of the essential features influencing jumping rates in membrane channels. such as flexibility of ligand 
configuration or inertial effects in the motion of the ligands. Since the simularion is based on strictly microscopic parameters of 
the particle-ligand system, a tigorons test of the predictions of rate theory is possible. It is found that rate theory describes the 
general dependence of jumping frequency k’ on temperature and on ligand binding strength rather u-ell. although the values of 
I;’ obtained by computer simulation are 2-3 times smaller than those predicted by rate theory. 

1. Introduction 

The transport of molecules through membrane 
channels involves a series of thermally activated 
jumps between sites of low potential energy. The 
pathway of the permeating particle may thus be 
represented by a sequence of potential wells sep- 
arated by activation barriers. The energy wells are 
the positions where the particle interacts favour- 
ably with surrounding ligand groups of the chan- 
nel molecule, e.g., a protein_ In order to estimate 
the frequency k’ of transitions over an energy 
barrier, rate theory [1] is commonly used in whch 
k’ is represented as the product of the oscillation 
frequency in the potential well times a Boltzmann 
factor containing the height of the barrier. In most 
applications of rate theory to membrane channels, 
the potential profile has been considered to be 
fixed, i.e., independent of time and independent of 
the movement of the permeating particle. In a 

more realistic approach taking into account ther- 
mal movements of the ligand system [2], the static 
potential is replaced by the so-called potential of 
mean force [3,4]_ Despite this refinement, the ap- 
plication of rate theory still requires certain as- 
sumptions to be fulfilled, such as the condition 
that the ligand system remains in equilibrium even 
if the particle is driven through the channel by an 
external force. This means that the use of rate 
theory becomes questionable in situations where 
the reorientation time of the ligands is comparable 
to or longer than the average dwelling time of the 
particle in the potential well_ 

An entirely different method for the calculation 
of transition frequencies is given by molecular 
dynamics [5--71. Starting with a set of initial condi- 
tions, the coupled Newtonian equations of motion 
of the molecular system are integrated using a fast 
digital computer. This method yields the trajecto- 
ries of the individual atoms of the system from 
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which all dynamic parameters of interest such as 
transition frequencies can be obtained. Molecular 
dynamics simulations of ion transport in channels 
can be used as an ‘experimental’ test of the predic- 
tions of rate theory IS]. Simulations for a helical 
array of 40 dipolar ligand groups have been car- 
ried out [S], and the results have been compared 
with the jumping frequencies calculated on the 
basis of the ordinary version of rate theory using 
the static potential. 

In the present molecular dynamics study, the 
properties are analyzed of a ligand system consist- 
ing of a mobile particle which interacts with three 
elastically bound force centers. The rationale be- 
hind the study of small ligand systems of this kind 
is the notion that channels in biological mem- 
branes are likely to be constructed in such a way 
that the permeability is determined by a sort of 
constriction (sometimes referred to as the ‘selectiv- 
ity filter’) where the permeating particle interacts 
with only a few ligand atoms 193. The ligand atoms 
are dynamically coupled to the rest of the channel 
molecule which acts as a heat bath. In the molecu- 
lar dynamics simulation which is described in the 
following, coupling to the heat batch is introduced 
in the form of random collisions between the 
iigand atoms and fictitious gas atoms with thermal 
velocity distribution. This method of stochastic (or 
Brownian) molecular dynamics [lo- 141 is particu- 
larly suitable for the simulation of small ligand 
systems. The jumping frequencies determined from 
the simulation are compared with the predictions 
of rate theory in the refined version which is based 
on the potential of mean force. 

2. Transport model and equations of motion 

We assume that a particle moves along the 
x-axis and thereby interacts with a ligand which is 
elastically bound at an equilibrium position b on 
the y-axis (fig. 1). The interaction of the particle 
with the central ligand is assumed to be attractive 
at large distance r and repulsive at small T, such 
that the motion along the x-axis is restricted by an 
energy barrier at x = 0 (fig. 1). In order to confine 
the particle to au finite interval on the x-axis, 
boundary ligands are introduced at positions -a 

x=0 

Fig. 1. Transport model for the analysis of jumping frequencies. 
The particle moves along the x-axis and thereby interacts with 
a central l&and elastically bound lo position b on the y-axis 
and with boundary ligands 1 and 2 which are bound to 

positions - D and cz on the x-axis. The potential energy of the 
particle as a function of x is drawn schematically assuming that 
the interaction with the ligands is attractive at large distance 
and repulsive at small distance. All ligands experience random 
collisions with the atoms of a fictitious gas acting as a heat 
bath. 

and CI. The particle-ligand interactions are de- 
scribed by Lennard-Jones potentials both for the 
central ligand (parameters cc and ue) and for the 
boundary ligands (parameters l u and uu)_ Further- 
more, the binding of the central and the boundary 
Iigands to their equihbrium positions is char- 
acterized by harmonic force cosntants fc and fB, 
respectively. Neglecting ligand-ligand interactions, 
the total potential energy of the system is obtained 
as 

+~(x,+a)2+~(X2-~)2+~(Y-b)2 

(1) 
FpTp 

x, and x2 are the coordinates of the boundary 
ligands at x = -u and x = u, respectively (fig. 1). 

For the derivation of the equations of motion 
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we assume that the total force on the ligands is the 
sum of a non-statistical force (which is equal to the 
negative gradient of the potential U) plus a statis- 
tical force resulting from the coupling to the heat 
bath. The particle. on the other hand. is assumed 
to be coupled to the heat bath only indirectly via 
the ligands. This corresponds to the situation in- 
side a channel where the permeating particle inter- 
acts predominantly with the surrounding ligands 
which in turn are coupled to the rest of the chan- 
nel molecule. Denoting the mass of the particle by 
prr p. the masses of the central and boundary ligands 
by p>rc and ~rra, respectively, the equations of 
motion are obtained in the form 

For the calculation of the statistical forces Kcesra,. 
K I.slal and K2.star the following stochastic model is 
used. It is assumed that the ligand atoms move in 
a gas with thermal velocity distribution and expe- 
rience random collisions with the gas atoms. This 
model accounts in an approximate way for the 
stochastic forces exerted on the ligands by 
neighbouring atoms of the channel molecule and 
ensures that the velocity of the ligand atoms is 
randomized. For the determination of the statisti- 
cal force K,tnir the time z is subdivided into inter- 
vals of length Ar, and a decision is made for each 
interval (using a random number generator) 
whether a collision occurs during Ar, (see Appen- 
dix A). If the decision is positive, a value p of the 
momentum transmitted to the ligand is selected at 
random from the interval ( -p,,,,,.pm,, ) with the 
probability distribution 

(Appendix A), where k is Boltzrnann’s constant, T 
the absolute temperature, mH the mass of a gas 
atom in the heat bath, p = mHm/(mH + m) the 
reduced mass and u the velocity of the &and. 

pman >O is an upper limit of the transmitted 
momentum which has been chosen such that val- 
ues of p larger than pm,, are rare (see Appendix 
A). From the selected value of p the average 
statistical force acting on the ligand during the 
collision interval Ar, is obtained as 

3. Transition frequency predicted by rate theory 

In the traditional version of rate theory [ 1.31 the 
jumping frequency k’ over a barrier from left to 
right may be approximated by the relation 

k’=v-exp(-E/X-T) (8) 

where Y is the oscillation frequency of the particle 
in the energy well to the left of the barrier and E 
the energy difference between the top of the bar- 
rier and the well. Eq. 8 describes situations where 
the potential energy profile can be assumed to be a 
time-independent property of the system. In order 
to apply rate theory to flexible ligand systems 
exhibiting fluctuations of barrier height. the 
ordinary potential function has to be replaced by 
the potential of mean force [3.4,16]. Starting with 
the total potential U(x,y, x,,s2) as given by eq. 1. 
the configuration integral Q(s) of the ligand sys- 
tem with the particle positioned at x is defined by 

Q(.~)=///exp[-V(_~._~.~-,.J~)/X-T] d_vd_r,dx2 (9) 

The potential V(X) of mean force is then obtained 
as 13.41: 

Q(-r) V(x)= -kTIn p(~) 

The quantity Q(m) which serves as a normaliza- 
tion constant is the configuration integral of the 
ligand system without a particle_ The potential of 
mean force represents an average over all therm- 
ally accessible ligand positions and therefore 
accounts for the flexibility of the ligand system. As 
shown in Appendix B, the transition frequency 
over the barrier may be obtained from V(s) 
according to 

k’= 2X-T - . 
d-- 

exp[ - V(@)/kT] 

zm~ /_“, exp[ - V(x)/kT] dx 
(1’) 



4. Results Kloo 

The Lennard-Jones parameters of eq. 1 for the 
interaction between particle and ligands were cho- 
sen to be the same as those for the interaction 
between argon atoms: cu/k = cc/k = 125 K. uB = 
a, = 0.34 nm [18]. For the resting positions the 
values a = 0.5 1 nm and b = 0.297 nm \vere adopted 
throughout. In thermal equilibrium with the sur- 
roundings the iigands carry out random oscilla- 
tions about these resting 
mean thermal amplitudes 

positions with (relative) 

“c-$ (y-b) =L 
I i? X-T r b\ r, 

(12) 

(13) 

(i = 1.2). The force constant f of eq. ! was chosen 
such that the thermal oscillation amplitude of the 
outer ligands was au = 0.05 at T= 300 K ( fB = 
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Fig_?. Potential I’(x) of mean force of the particle as a 
function of position x for different values of the mean thermal 
amplitude ac of the central @and. aC is varied at constant 
temperature T by varying the force constant & of the ligand 
(eq. 13). The ratio V(x)/k is given in kelvin (k is Bohzmann’s 
constant). ‘a/X- = cc/A- = 125 K, cia= UC =3.34 nm, 4 =0.51 
nm, b =0.297 nm. txB =O.OS, 7=300 K. V(x) was calculated 
according to eqs. 9 and 10 using a 20-point Gauss-Hermite 
formula for the numerical approximation of the multiple in- 
tegral in eq. 9 [4.19]. The zero point of V(x) corresponds to 
infinite distance of the particle from the ligand system. 
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Fig. 3. Potential V(x) of mean force for different temperatures 
T. The force constants of ligand binding were chosen such tat 
the mean thermal oscillation amplitudes were aa = 0.05 and 
oc =0.0542 at T=300 K; all other parameters had the values 
given in the legend to fig. 2. The zero point of t’(x) refers to 
infinite distance of the particle from the ligand system. The 
potential for 7 =O which is identical with the adiabatic poten- 
tial of the particle was calculated in the following way [S]. For 
each fixed position x of the particle. the equations of motion 
were integrated starting with all Iigand atoms at rest in their 
initial equilibrium positions x, = - a, .x2 = o, _v = b. In order to 
achieve an asymptotic approach to the new equilibrium posi- 
tions I,. 5iz_ p. friction terms proportional to negative velocity 
were added to the total force. The adiabatic potential was then 
obtained by inserting Y,, i, and 7 into eq. 1. 

6.4 J m-‘) whereas fc was varied to give oscilla- 
tion amplitudes tic of the central ligand between 0 
and about 0.3. 

The profile of the potential V(X) of mean force 
(eq. 10) is represented in fig. 2 for different values 
of ac_ The central barrier is highest for a fixed 
ligand (ac = 0) and becomes gradually lower as 
the binding of the ligand becomes weaker. This 
means that the jumping frequency over the barrier 
should depend on the flexibility of the ligand 
system. 

Potential profiles for different temperatures are 
shown in fig. 3. The temperature dependence of 
V(x) results from the fact that the potential of 
mean force which has the character of a free 
energy represents an average over the t’,terrnally 
accessible ligand configurations_ It is seen that 
V(x) is shifted upward with increasing tempera- 
ture. This is consistent with expectation, since the 



Fig. 4. Trajectory of the particle under the condition of equal 
mass of particle and central ligand (nrp = ntc = “3” =6.6x 
1O-23 g). The coordinate x of the particle is given in units of 
x-/a with ~=0_51 nm. b=0.297 nm, cB/k=rC/k=125 K. 
(Ig = L7c = 0.34 *In. a, = 0.05. nc=0.0542. mB=mH=6.6x 
IO-““g, T=3OOK, Ar=O.O02 ps. A,=X,=20. ,*o,=z$=2.5 
ps-’ (h is the number of integration time steps per collision 
interval (eq. Cl) and Y’ the average frequency of collisions with 
the l&and at rest (eq. A5); B and C refer to the boundary 
ligands and the central ligand. respectively). 

restriction of thermal motions of the ligands by 
the particle makes an unfavourable contribution to 
the free energy of the system_ The potential profile 
for T = 0 is identical with the so-called adiabatic 
potential [S]. i.e., the potential corresponding to 
the situation where the particle is moved slowly 
along the x-axis and the ligands are allowed to 
assume their resting positions. 

For the molecular dynamics simulation, both 
the mass nzP of the particle and the mass ~12~ of 
the gas atoms representing the heat bath were set 
equal to the mass of the argon atom ( nzP = nzn = 
6.6 X 10ez3 g), if not otherwise indicated. The mass 
of a boundary @and atom was usually chosen to 
be twice as large (nz a = 2mn), whereas the mass of 
the central @and was varied between mn and 
20On1,. Approximate time scales of the motions 
are then given by the intrinsic oscillation period of 
the boundary ligands: Q- = 2 q/mB/fB = 0.91 ps 
(with fB = 6.4 J m-a), and by the ‘flight time’ of a 
free particle of mass mP moving a distance cz with 
mean thermal velocity: Q-,, = a\lnr,/kT = 2.0 ps (at 
T= 300K). For the numerical integration of the 
equations of motion (Appendix C) a time step of 

At = r,/lOOO = 0.002 ps was used in most cases; it 
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Fig. 5. Simultaneously recorded trajectories of central ligand 
and particle under the condition of tight coupling of the central 
ligand to a massive domain of the transport protein. Both the 
mass of the l&and (nzc=200rn,+ =1.32X IO-“‘g) and the 
frequency of collisions (~7: = 75 ps- ’ ) have been chosen to be 
much larger than those in fig. 4. xvherms the force constant was 
reduced to yield a relative thermal amplitude of uc =0.343. 
ma=Zm,~=1.32X10-” g. h, = 1: all other parameters had 
the same values as in fig. 4. 

was verified that further reduction of At did not 
change the results significantly. 

In order to check the effectiveness of coupling 
of the system to the heat bath. the average kinetic 
energy E,;, of the ligands and the particle was 
calculated by taking values of the kinetic energy 
every 0.2 ps (the total duration of the simulation 
was usually about 1 ns). ELi, was found to agree 
with kT/2 in most cases within 10%. 

An example of a trajectory of the particle under 
the condition of equal mass of particle and central 
ligand is represented in fig4. The particle oscil- 
lates over extended periods of time in either the 
left-hand or right-hand energy well. and occasion- 
ally jumps over the barrier. It is also apparent 
from fig.4 that jumps frequently occur in pairs 
Such double (or multiple) transitions are favoured 
by the correlation of the motions of ligand and 
particle (see below) and furthermore by the fact 
that the particle, once it has gained a high kinetic 
energy, will lose this energy (on the average) only 

after some further collisions. 
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Fig. 6. Jumping frequency X-’ over the barrier from left to right 
as a function of reciprocal temperature. The upper curve repre- 
sents the values of zi’ as predicted by rate theory (eq. 11). The 
interval in co,. I! was catculated usine a mixed ZO-noint Gauss- Y -~ ~-~ _.~~_ _ ..~ ~__ r----- 

Hermite-Legendre formula 14.191. Results of molecular dy- 
namics simulations are given for a weakly damped central 
iigand (middle curve. nzc-=Snz,. $=2.5 ps-‘) and for a 
massive. strongly damped central l&and (lower curve. mc = 
2OOm,. $=75 ps -1). mp=mH=6.6x10-‘~g. nta=2nzH. 
a,=0.0542 (at 300 K). X,=20 (middle curve) or 1 (lower 
curve). Ar =0.002 ps: all other parameters had the same values 
as in fig. 2. The length of the simulation period varied between 
1 and 4 ns. Error limits were estimated according to eq. 14: it 
should be noted that eq. 14 tends to underestimate the statisti- 
cal error (see text). From the slope of the straight lines an 
ar.;..r.;-- _..._...-... lz -_ D-.-l ,_. I., ,211 ,7-\-c rn,.,--1-l is SA1CCn.-..V‘, C’,CXE, LA- --u ,.A_ ,“I‘, 1 ,---‘_A” L-l ill”, 
obtained (R is the gas constant). 

In the second example shown in fig.5 it has 
been assumed that the central l&and is tightly 
coupled to an entire domain of the transport pro- 
tein. Since the motion of a massive domain is 
governed by a large number of (weak) interactions 
with the surroundings, the frequency of collisions 
($ = 75 ps- *) has been considerably increased in 
comparison with the previous example. The mass 
nzc of the ligand has been set equal to 200 mH and 
the force constant has been reduced, yielding a 
relative thermal amplitude of oc = 0.343. In fig. 5 
the trajectories of the central ligand and of the 
particle are represented simultaneously. It is seen 
that in this case the ligand behaves as a strongly 

damped Brownian oscillator_ This is in contrast to 
the previous example where the trajectory of the 
central ligand (not shown) exhibits a more regular 
(pseudo-periodic) behaviour. The diffusive nature 
of the massive ligand in fig. 5 results from the high 
frequency of collisions with the atoms of the sur- 
roundings which corresponds to an increased fric- 
tion An interesting finding which is apparent from 
fig. 5 is the correlation of the motions of the 
central ligand and the particle_ During time peri- 
ods where the ligand is farther apart from the 
x-axis (corresponding to positive values of (y - b)) 
there is an increased probability of the particle 
jumping to the other side. Since for positive values 
of ( y - b) the repulsive interaction between ligand 
and particle is reduced, this means that transitions 
mainly occur when the barrier is low. 

Values of the rate constant k’ have been 
determined from extended simulation periods 
(usually l-3 ns). If totally z jumps have been 
recorded during the simulation time t,, the rate 
constant is obtained as k’ = z/2fs, since half of 
the jumps are directed from left to right. Xr’ is 
represented in fig. 6 for different temperatures and 
for the two situations already illustrated in figs. 4 
and 5, i.e., weak and strong damping of the central 
ligand. In both cases the temperature dependence 
of k’ agrees with the predictions of rate theory 
(uppermost curve), but the absolute values of k’ as 
obtained from the simulation are lower by a factor 
of about 2.1 (weak damping) and 3.5 (strong 
damping). 

For an estimate of the statistical error involved 
in the determination of k' the following model was 
used 181. If the particle oscillates with frequency Y 
in the potential, it makes vt, attempts to cross the 
barrier during the simulation time t,, out of which 
z are successful. The error LLZ may be defined as 
the square root of the variance of the correspond- 
ing binomial distribution: 

The average oscillation frequency Y which enters 
into eq. 14 may be obtained from the trajectory or 
from the shape of the potential function V(x) 
using the approximate relation 2 9r~ = dw, 
where T/“’ is the second derivative of V(x) at the 
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Fig. 7. Jumping frequency A-’ as a function of mean thermal 
vibration amplitude (I,= of the central @and. The upper curve 
represents the values of li’ as predicted by rate theory (eq. 1 I). 
The molecular dynamics simulation (lower curve) has been 
carried out with nzP=nzB=nzH=6.6X10- 23 g. “Zc = lom,l. 

v”B = a$ =2.5 ps- ‘. h,=h,=20. Ar=O.O02 ps: all other 
parameters had the same values as in fig. 2. The length of the 
simulation period varied between I and 4 ns. The dashed lines 
represent the Iimiting values of k’ in the absence of a central 
banier(ac-m orcc=O). 

location of the well. The calculation of AZ (and of 
Ak’ = AZ/~ fS) from eq. 14 tends to underestimate 
the error, since correlations between successive 
jumps are neglected_ 

In order to study the influence of flexibility of 
the l&and system on the jumping rates, the force 
constant of the central ligand was varied. The 
dependence of’k’ on the mean thermal vibration 
amplitude ac of the central ligand is shown in 
fig_ 7. As may be expected from the predominantly 
repulsive interaction between particle and ligand. 
the transition rate constant is small for a rigid 
ligand (a,= = 0) and increases with increasing ac. 
Rate theory and molecular dynamics simulation 
agree: in the general form of the dependency of k’ 
on ac; but again the values of k’ obtained from 
the simulation are lower by a factor of 2.@ - 2.8 in 
the range of ac studied. 

According to eq. 11, rate theory predicts that 

Fig. 6. Effecr of particle mass rn,, on jumping frequency X-‘. mP 
is given by the dimensionless rxio mp,/mE3_ where nzrl =6.6X 
IO-‘“g is a reference mass. mB=2rnH_ nrc=5nzc. ac = 
0.0316. A, = A, ~20. v: = I$! = 2.5 ps- ‘: all other parameters 
had the same values as in fig. 2. The upper curve represents the 
jumping frequency as predicted by rate theory (eq. 11). 

the rate constant k’ should be inversely propor- 
tional to the square root of particle mass I>Z~ (this 
relationship between k’ and ruP is implicitly con- 
tained also in the simplified rate-theory equation 
(eq. 8). since Y CT I/&). As fig. 8 shows. the 
values of k’ as obtained from the simulation are 
indeed proportional to l/#&L_ but with a lower 
proportionality factor than predicted. 

From eq. 11 it may further be expected that k’ 
is insensitive to a change of ligand mass. In order 

Table 1 

Jumping frequency X-’ ;is a function of rhe mass mc of the 
central ligand for fwo different values of the mean thermal 
amplitude cxC 

“‘e=“‘P=“‘H=6_6X10-23g. x,=x,=20. ,:=$=2.5 
ps-‘; all other parameters had the same values as in fig. 2. The 

error limits have been estimated according to eq. 14. 

mc 
“‘H 

k’ IO” s-’ 

0.0542 1 0.485 = 0.044 
10 0.494= 0.044 

100 0.448 = 0.037 

0.171 1 1.6510.06 
10 1.67 = 0.06 

loo 1.52’0.07 



to test this prediction, 171~ was varied in the range 
l- 100 for two different values of cyc_ As may be 
seen from Table 1, the jumping frequency k’ is 

virtually independent of errs. 

A further series of simulations was carried out 

to study the effect of damping of hgand motion on 
the transition rate constant_ As shown in Appen- 

dix A. the damping_ say. of the central ligand may 

be described by a friction coefficient & = 4pczp:! 

where pc ZE ~~~nrn/( r~ro + nt,) is the reduced 

mass and Z$ the collision frequency of gas atoms 
of the heat bath with the hgand. The motion 

becomes overdamped when & > bc.,,il = 2 l’fcnrc . 
The collision frequency V: = I*: was varied be- 
tween 0.5 and 150 ps- ’ under the conditions (ru = 

a<. = 0.05. nr8 = nrp= nrn. ~71~ = lO~ut+: this means 

that at the upper limit of $ the friction coefficient 
was 4.7 X &CTil_ The transition frequency k’ was 
found to be the same within the limits of statistical 

error in the whoIe range in which &- and ps were 

07 

06 

t 05 

F (p’) 

0.1 

03 

02 

01 

_i? 

I\ - _ 
I I 

c = 0-L 

I i i 
I 

0 i 
4 -3 -2 -1 0 1 2 

PO-- 
3 

Fig. 9. Probability distribution of momenta p transmitted on a 

ligand atc~m moving with velocity c ~0.4 dw in a 
medium of gas atoms of mass nrH_ The momentum is expressed 

as a dimensionless quantity p’= p\mHp2kT. where p is the I 
__J~___> ____ _.- _L_ _.,.~>~__ __:_ IL- __:___ L_.._ L___ rr”“UeO mass 01 xnr colrlomg pair. ,nr po,ll~S navr orrn 
obtained by the random number method described in the text 
using eq. CZ with c =0_4 and p& =5: they represent the 
probability density A’( p*)/NAp*. where N=ZX 10’ is the 
toral number of transmitted momenta and N( p’) the number 
of momenta lying in an interval Ap’=O.l around p’. The line 

represents the theoretically expected probability density F( p’) 
(eq. C3). 

varied_ This result may be compared with the 
observation of Beece et al. [26] that the diffusive 
motion of carbon monoxide in the interior of a 

myoglobin molecule depends only weakly on the 

viscosity of the surrounding medium. The finding 
that X-’ is rather insensitive to the mass and the 

friction coefficient of the central ligand is already 

contained in fig. 6. (The reduction of k’ in the case 

of the massive ligand possibly results from the 

combination of large mass and strong damping)_ 

5. Discussion 

In this study we have described a method for 
the dynamic analysis of particle movement in small 

ligand systems. This method can serve for an 

approximate treatment of transport through mem- 

brane channels in which the motion of the per- 

meating moIecule is governed by local interactions 

with a limited number of ligand atoms. The molec- 
trlcar c7vnamirc methnrl annlic-A her.- ic haad nn the _.yl -J.~.....--~ ...--...,I -yy-“‘..- .._._ .” v..I..I . . . . .._ 

assumption that the rest of the channel molecule 
and the surroundings can be treated simply as a 

heat bath which is coupled via random forces to 
the ligands. In order to introduce random forces 

into the equations of motion the Langevin for- 

malism has been mainly used in the past which 
requires the definition of a friction coefficient 

[ 1 l- 14,22-251. In the method described here we 
have avoided phenomenological quantities such as 
frirtinn mc=ffiripntr cinrs- the ms=sn;no nf 2 frir&nn . ..~....I. ~V..11.~.~~l.l. L....,” L1.V . ..WY . . . . . b V. . _.__..V_. 

coefficient describing motion in a protein channel 
seems obscure [16]. Instead, we have based the 
statistics of momentum exchange between ligands 

and heat bath on a strictly microscopic model in 

which the heat bath is represented by a gas with a 

Maxwell-Boltzmann velocity distribution. Similar 

procedures have been applied by others to prob- 

lems involving rotational motion and isomeriza- 

tion dynamics in condensed phases [10,21]. In 
*Z.-r0 W...-a.r;r\..r ..+..,?&.r b,o.Ge.ver ;t . .._C qr.Z..-‘=J LIIZJb &JlGVl”UJ JLY”IC3) ) ‘I “L1J Gac?J”IIIbU 
that the velocities become completely randomized 
at each collision, whereas in the method used hete 

the form of momentum exchange in a head-on 
collision between gas atom and ligand is taken 

into account explicitly. Accordingly, it is possible 

to correlate a posteriori a formal friction coeffi- 



cient with the parameters of the statistical model. 
i.e., the average collision frequencies and the 
masses of the gas atom and of the ligand (see 
Appendix A). 

The main purpose of the moiecuiar dynamics 
simulations described here was a test of the predic- 
tions of rate theory for a simple system which 
nevertheless contains some of the essential ele- 
ments influencing jumping rates in membrane 
channels, such as flexibility of Iigand configura- 
tion or inertial effects due to the atomic masses of 
the ligand groups. A rigorous test of rate theory 
(as applied to membrane channels) is difficult to 
carry out experimentally. since this would require 
a knowledge of both the jumping rate constant k’ 
and the exact form of V(X) in eq. I I. In a com- 
puter simulation_ however_ k’ is an ‘experimental 
quantity and V(X) can be separately calculated 
from the microscopic parameters of the model. It 
was found that rate theory did describe the general 
dependence of k’ on temperature and on the bind- 
ing strength of the central ligand rather well. al- 
though the predicted values were larger by a factor 
of 2.1-3.5 than the results of the computer simula- 
tion (figs. 6 and 7). It should be emphasized. 
however, that eq. 11 represents a refined form of 
rate theory which is based on the potential V(x) of 
mean force accounting for thermal fluctuations in 
ligand geometry. Much larger discrepancies be- 
tween rate theory and molecular dynamics simula- 
tion would have been observed if the potential 
function of the rigid iigand system (with the ligands 
fixed in their equilibrium positions) had been used. 

From the temperature dependence of k’ (fig. 6). 
an activation energy E4 = -R - d In k’/d(l/T) = 
5.10 kJ/mol is obtained which corresponds to 
_F,,/_R = 614 K- (_R is the (JIIE mnrtClnt\ This va!uc a..., _V..I.UI ..,- 
is close to the barrier height E/k = 640 K de- 
termined from the potential of mean force (fig. 3, 
T= 300 K). In the system studied here the activa- 
tion energy also approximately agrees with the 
barrier height determined from the adiabatic 
potential (fig. 3, 0 K) which is about 625 K. This 
agreement, however, is not generahy observed; for 
instance, in a system with strong coulombic inter- 
action a large discrepancy between adiabatic 
Pv-stm-lti~l rlnrl ?rtirrcat;r.rr pI”Pv-rs.l frr\m nlr.l‘w...l”.. y..L”‘L’Lu -.u YIIL..ULI”BI b’“CS&J ll”lll l““lCCUlal 

dynamics simulation was found [S]_ 

Two other predictions of rate theory are borne 
out by molecular dynamics simulation: the jump- 
ing frequency k’ is inversely proportional to the 
square root of particIe mass I?Z~ (fig. 8). and X-’ is 
virtuaiiy insensitive to a variation of iigand mass 
?uc (table 1). It may be expected. however. that in 
other systems effects of Iigand mass on X-’ do 
occur. since the dynamic coupling between ligand 
and particle depends on the geometry and on the 
nature of the ligand-particIe interactions_ 
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Appendis A 

A. 1. Calculation of rhe srarisrical forces 

We assume that a ligand atom of mass )>I moves 
along a given direction and experiences random 
head-on collisions with surrounding gas atoms of 
mass inn_ In thermal equilibrium the probability 
density f( cl*) for the velocity uu of a gas atom in 
direction of the y-axis is given by a Maxwell 
distribution [IS]: 

(A’) 

where k is Bohzmann’s constant and T the abso- 
l.., P tC.mr\~r~+,rrC, ,F .? ;c .I-,- ..~l,.,G,., ,.+- *La ,:*“.-.A 1ULC r&U,~G’arulL. 11 ” 1J LIIL rb.l”clrJ “L L1‘L 11gCZ,.LJ 
atom, the relative veIocity u, of the gas atom with 
respect to the ligand is given by 

G< = L: ” - ” (Aa) 

Introducing the number II of gas atoms per unit 
volume and the collision cross-section s. the 
frequency dv of collisions of a hgand atom in the 
velocity interval (u,, u, + d u,) is obtained as 

dr,=nslql/(c,) dq (A3) 

By integration of eq. A3 between u,= -cc and 



v, = cc the total mean frequency Y of collisions is 
obtained (c z v~~rzH/2 kT): 

~~=~“[~,~(c)~exp(--*)] (A4) 

Y’ is the collision frequency with the ligand at rest 
(v=O): 

YO=lZS 
2kT 

J- 
-. 
znr ” (A5) 

and Q(x) is the error function: 

‘+)=-Lj”exp(-c+du 
60 

During the collision the momentum of the ligand 
atom is changed by an amount p which is given by 

2 m”m 
p=-u =2pv 

“‘“+m r r (W 

where p is the reduced mass. Combining eqs. Al- 
A6 yields the frequency of collisions during which 
a momentum in the interval ( p. p + dp) is trans- 
mitted to the &and: 

d~-~,PIe~p[--~(~+p/2p)~] dp (A’) 

It is seen from eq. A7 that the probability distribu- 
tion for the transfer of a momentum of magnitude 
p depends on v and is asymmetric with respect to 
p = 0, as expected. A momentum change by which 
the ligand velocity is diminished (p and v having 
opposite signs) always occurs with higher likeli- 
hood_ This property of the probability distribution 
corresponds to a friction effect of the surrounding 
gas on the ligand (see below)_ 

The time t is subdivided into intervals of length 
At,, and in the course of the integration a decision 
is made for each time interval (using a random 
number generator) whether a collision occurs dur- 
ing At,. The collision probability is set equal to 

VAt,, where v is calculated from eq. A4 with the 
instantaneous value of v (At, is chosen such that 
always vAt, a 1). If a collision occurs, the momen- 
tum of the ligand is changed by an amount p 

which is selected at random from an interval 

(-Prn,x~ Pm,, ) with the probability distribution: 

h(p)=E exP[-$$-(u+P/ZPf] (As) 

(cf- eq- A7). P,,, ~0 is an upper limit of the 
momentum which in practice may be chosen to be 
10 X plh E 2pv,,, where vu, = f(\ikT/nz, 

+ ,/v is the mean of the thermal velocities of 
gas atom and ligand. From the selected value of p, 

the average statistical force acting on the ligand 
during the collision interval At, is obtained as 

K P 
5111 = z (A9) 

The parameters of the statistical model may be 
correlated with the friction coefficient p describing 
the average force K, acting on a ligand atom which 
is moved with constant velocity v through the gas: 

z=-_B* (AI’3 

Kis the total momentum transmitted to the ligand 
per unit time: 

(All) 

Introduction of eq. Al and integration yields 

z=-2P?zs~ (I+2c’)@(c)+* exp(-cc’) 
[ fi 1 (AW 

(CZ v\/nzH/2 kT)_ In the limit of small velocities 
(c +z 1) the approximation a,(c) = 2 c/ fi holds. 
This gives, together with eqs. A10 and A5: 

p=4pnr s 
/-- 

==4pvo (A13) 
H 

A* I-._. D .I_- 11-_-~ -..L:LT.^ ^_.^ -: --_:^rl:- ..-.-a ^. fil ,“W p LIIC ,,;;a,,” cz.sIII”IW qu”J’-~cz’l”ulc dllU PC 

high p diffusive motion, the limit between the two 
regimes being given by the condition of critical 
damping: 

$&;, =4&w& =2 @-I (‘414) 

(f is the force constant of ligand binding). Finally, 
from p the velocity correlation time 7,. = nr/p of 
the Iigand is obtained as 

Appendix B 

B. I. Derivation of eq. II 

We consider a large number IV of identical 
ligand systems (fig. I), each containing a particle 



of mass nrp located on the x-axis somewhere be- 
tween --a and a. The Hamiltonian .% of the ligand 
system depends on the coordinates x, y, x,, x2 via 
the potential energy V, and on the momenta plr, 

P.v> P.VlP p.x2= 

Pt 
*X=cq.~,_~.~,.x,j+~+ 

PS P3 -, PZ7 : --. ; --- (sij 
P 2m, 2m, 2nz, 

Under equilibrium conditions, the average number 
dN of systems in the interval (x, x + dx; ..- : plrz, 

p_r2 + dp,,) of phase space is given by 

dN=N-f(x,...,p_~z)d.r...dp_,2 (Bz) 

The distribution function f is connected with the 
Hamiltonian by the statistical-mechanical relation 

iI71 

f= 
exp( - ‘X/X-T) 

z (B3) 

where Z is the (classical) partition function: 

z=/___J exp(--‘3i/X_T)dx...dp_~= (B4) 

The integration interval for the x-coordinate is 
(--a, a) and for the other coordinates (- cx), co). 
Introducing the configuration integral o(x) as 
cIpfine=rl h-r en 0 the r\-artitinn f=znrtinn hernm~c ..II.A.UY v, c.$. ,, ..Zl yY’.‘.‘v” I...I.-...,II “I-V.I.-d 

z = (2 pk7y m.)/mpmcj-~_Q(-W P5) 

In the ensemble of N channels, 9’ transitions take 
place per unit time over the barrier at x = 0 from 
left to right. If de is the contribution of all 
systems in the interval (y, y + dy; _ __ ; plrz, p.r2 + 

d~_~~) to the particle flux @’ over the barrier, then 

d+.‘(%);&$ (L=-O) 036) 

Eq. B6 expresses the fact that the flux from left to 
right is equal to the density dN/dx of systems 

times the velocity u, =p,/m, in the direction of 
the positive x-axis. After introduction of eq. B2 
into eq. B6, the total flux is obtained as 

O’= Nj.--/~1(O,v. . . ..P.~) dydx,d+dp,...dp,, (B7) 

Using the relation 

/-E exp( - p:/2 m,kT)dp, = X-T W) 
0 

as well as eqs. B3 and B5, the result is obtained as 

(‘39) 
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Since N/2 is the average number of ligand systems 
having a particle located on the left side of the 
barrier. the relation 

++‘= $k. (‘3’0) 

holds, where k’ is the rate constant of jumps from 
left to right. Comparison with eq. B9 and intro- 
duction of the potential of mean force from eq. 10 
finally yields 

2JiT 
r- 

-. 
I,-‘= \ zsnzp I-” 

exp[ - V(O)/kT] 

I_ rxpi- V(.x jjkTjd.x 
@II) 

D 

Appendix C 

C. 1. Simularion rechnique 

The equations of motion were integrated using 
a fourth-order Runge-Kutta algorithm; for this 
purpose the four second-order differentiai equa- 
tions. eq. 2-5, were transformed into eight first- 
order equations by introducing the velocities as 
new variables. Since the temperature of the system 
is defined by the temperature of the heat bath, the 
initial conditions are more or less arbitrary (usu- 
allyx=a/2,y=b,x, = ---a, ~~=a, x=);=i, =. 
x1 = 0 were chosen as initial values). If not other- 
wise indicated, the time step At of the Runge-Kutta 
algorithm was Ar = 0.001 TV, where r,, E aiirnp/kT 
= 2 ps. For the transmission of the random 
momenta to the ligands, a collision time At, was 
defined as an integral multiple X of the integration 

time step: 

At,= XAr (Cl) 

In order to avoid large changes of force acting on 
the ligand, the momentum was not transmitted at 
once but stepwise (A steps) during the collision 
interval A?, in the form of a symmetrical (ascend- 
ing and descending) staircase function. For the 
boundary ligands X, was chosen to be 20, whereas 
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for the central ligand A, was varied according to 
the collision frequency. 

In the course of the integration, it was decided 
for every time interval of length At, (and for every 
individual ligand) whether or not a collision had to 
occur_ If v is the average collision frequency at the 
-:_.-- z--r--.-- ^^__^ . ..-..^^I._. ,C rL, ,:,,,A /-- AA\ give,, ,,,sLalllallC”u~ V8X”clLy “1 L1‘C ugCluu \cq. ‘-X-t,, 
then the probability that a collision occurs during 
At, is equal to vAr, (v” and At, have to be chosen 
such that vAt, +z 1). A momentum was transmitted 
if for a random number p (0~ p== 1) obtained 
from the random number generator of the 
PDPl l-FORTRAN library the.condition p < vAtC 
was met; otherwise the statistical force was set 
equal to zero during the interval At,. (This proce- 
dure is based on the fact that the probability of a 
random number pr(0, i j being smaiier than a 
given number ~(0, 1) is equal to z.) If not other- 
wise stated, an average number of five collisions 
with the ligand at rest during the reference time lib 
was assumed (v” = 5/~~); an increase or decrease 
in v” by a factor of two did not significantly 
change the results. 

When a collision occurred in the interval At,. 
the magnitude of the transmitted momentum was 
determined in the following way [20]. First, a 
random momentum p = (2 p - I)p,,, was selected 
from the interval (-pm_, pm,,); p is another ran- 
dom number from the interval (0, 1) and p,,,,, > 0 
is a suitably chosen upper limit of the momentum 
(see Appendix A). With the selected momentum p 
the value of h(p) was calculated according to eq. 
AS. h(p) was then compared with a further ran- 
dom number p; when the condition p -Z h( p) was 
met, the value of p was accepted, otherwise the 
procedure was repeated for a new value of p_ 

An example of a momentum distribution func- 
tion obtained in this way is shown in fig. 9. 

was written in the form (with p* =p 

and c = cd-): 

IP’I 
H( P’)= z =p[-_(c+ P’fl (C2) 

and a large number N of random momenta p* was 
generated with the distribution H( p*) for c = 0.4, 
..-:-.V rLs . ..-...rl..- . . . ..-L 0.. -‘X,r.-J ~C.rrSG&..EJ .-.L,..r‘X U3111& LUG I~I”“III 11U111”G~ I.IG”‘VU UGz.LII”6” LL”“VL.- 
In fig_ 9 the points are the ‘experimental’ values of 

the probability density N( p*)/NAp*, where N( p*) 
is the number of momenta lying in an interval Ap* 
around p*_ The curve in fig. 9 is the theoretically 
expected probability density 

(C3) 

(Q is the error function). Fig. 9 shows the char- 
acteristic asymmetric shape of F( p*) which results 
from the fact that for a positive velocity c of the 
ligand the transmission of a negative momentum 
to the ligand occurs with increased probability_ 
This asymmetry of the momentum distribution 
function reflects the friction effect of the surround- 
ing gas on the moving ligand. 
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